1. Introduction. It is the aim of this paper to generalize, unify, and refine a number of related but scattered results in asymptotic number theory. Special cases of the main theorems of the paper yield estimates due to Cesàro [2] , Feller and Tornier [10] , Kanold [12] , Rényi [13] , and the present author [4] . The method of proof is elementary and is essentially a variant of a method used in an earlier note [7] .
Clearly, every positive integer n has a unique representation of the form (1.1) n = d2e, e square-free, d > 0.
If in this relation we place d = Q(n), then Q2(n) is the largest square divisor of n. Let a denote an arbitrary non-negative real number and let S be any nonvacuous subset of the set J of positive integers. In Theorem 2.1 we obtain approximations to the sum (1.2) B.0c,S)= I (-)', x = l, with numerous special results deduced as corollaries.
We shall say that a divisor d of n is unitary, written d || n or d*Ô = n, if dô = n, (d,5) = 1. In §3 we consider the sum B'a(x,S) arising from (1.2) if, in the summation, Q2(n) is required to be a unitary divisor of n. The main result is contained in Theorem 3.1.
Let the distinct prime factors of n be denoted py, ■■•,pt, and place (1.3) « = PV -Prr 0 = 0 if n = l).
The set of integers n for which e¡ = 2 (i = 1, •• , r), that is, the integers with no simple prime factors, will be denoted by L. Evidently, n is uniquely representable in the form (1.4) n = de, deL, e square-free, (d,e) = 1.
Renyi has proved [13,(3) ] that if d* is the asymptotic density of the sequence of integers n for which A(n) = m, then d* exists for each integer m ^ 0, and
where the product is extended over the primes p. A new proof of this result is given in §4.
We also prove two analogues of (1.7). In particular, let dm denote the density of the set of integers n such that A(Q2(n)) = m; then, by §2, each dm exists and (1.8)
Moreover, it is shown ( §3) that if d'm represents the density of the set of n for which A(Q2(n)) = m, where Q2(n) || n, then <"> .?.«'■-Ci1-7)(1+7-?=*)• |z|<2- by (1.7) the corresponding result for d* is also valid (Rényi [13] ).
2. Problem I. Estimates for Bx(x,S). Let ra(n,S) be defined by
In particular, r0(n,S) is the characteristic function of the set of integers such that Ô(n)GS.
With p(n) denoting the Möbius function, we have the following relation which is basic for this section. Remark 2.1. Evidently, R0(x,S) = 0(1) for those S for which Çs(l) is finite. Moreover, for arbitrary S,
In particular, the estimate, Ra(x,S) = O(logx), is always valid.
Proof. By ( BJx,S) = A f iÇi) I n"2""2 + 0(x°+1/2R,(x,S)) = ¿(^n)^(2a+2) +0(*"+1 JJ, "_2a"2) + o(^a+1/2^(^s)).
But the summation in the middle term is O(x_ot_1/2 ) and therefore (2.5) results. We now specialize the theorem to some special sets of integers S. Let H denote the set of integral squares. Noting that Sy = J, we have
We say that an arithmetical function/(n) has average order £(x) if its summatory function £(x) ~ x£(x) as x-> oo. Note that Ba(x,J) is the summatory function of r Jin, J). Note that Corollary 2.6.1 reduces to Corollary 2.5.1 in case s = 1, at = 1. We now prove (1.8) as a consequence of (2.20). Corollary 2.7.2 (Feller and Tornier [10, §12] ; also cf. Schoenberg [15, §10] ). The asymptotic density of the sequence of n for which co(Q(n)) is even is (2.25) l(1+n(!-A)).
Finally, we consider the case in which S is the set F ofthose n for which Cl(n) is even. One obtains in this case B'(x,J) = ß'x + 0(Vxlog2x) (j?' = ß2).
Letting J' denote the set of integers n whose greatest square divisor is unitary, one obtains CoROLLARYi 3.1.2. The sequence J' has asymptotic density ß2.
Next we consider the set S consisting of the single integer r.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Proof. This is a consequence of the theorem, in connection with (2.17). Let NJa) be defined as in §2. where the summation satisfies the conditions described in Corollary 2.6.1.
Note that the case s = 1 of this result yields a second proof o ICorollary 3. The proof is analogous to that of Corollary 2.6.2 and is therefore omitted.
Let E denote the set of n with co(n) even. Corollary 3.4. The asymptotic density of the set of n contained in J', such that to(Q(n)) is even, is given by where ßt is defined by (3.10).
The proof is similar to that of Corollary 2.7.2.
As in §2, let F denote the sequence of n such that ii(n) is even. Analogous to Corollary 3.4, one may prove Corollary 3.5. The asymptotic density of the sequence of n for which neJ' and Q(Q(n)) is even is (5ß' + 2<5')/10, where Proof. By (2.17) and the fact that 6(n) is bounded on N5(a). <4'14> L*-4n('+öTTT^>)-
The proof is similar to that of Corollary 2.6.2.
One may observe that co(Q(n)) = m(Q*(n)); hence Theorem 3 yields no new result analogous to Corollary 2.7.2. The corresponding prr blem for the fi-function, however, has the following solution,
